1 Local Theory 1. (Local Invariant Map) Let K/Q p be a finite extension and let K nr be the maximal unramified extension. Then Br(K nr ) = 0 and this implies that we have a diagram (using Gal(K nr /K) ∼ = Gal(k/k))
which defines the local invariant map, where v K : K nr → → Z is the valuation map and d is the boundary map in the cohomology sequence of 1 → Z → Q → Q/Z → 1.
2. (Local Tate Duality) Let K/Q p be a local field and let M be a Gal(K/K)-module. Then for i = 0, 1, 2 there exists a perfect pairing
where M * = Hom(M, µ ∞ ). This is given by
IK ) are annihilators of each other under the local Tate pairing.
(Local Artin Map) We have
where line 4 comes from Local Tate Duality and line 5 from Kummer theory. This gives a map K × → Gal(K/K) ab which restricts to the local Artin map r K :
4. (Artin Map Respects Filtrations) Let K be a local field with ring of integers O K and maximal ideal
m is the upper Galois filtration then for n ≥ 1 the Artin map induces an isomorphism
2 Global Theory
where r Kv are the local Artin maps for v finite, the sign map for v real and the trivial map for v complex.
7. (Main Theorem of Global Theory) (a) There exists an exact sequence
(c) There Artin map induces an isomorphism
(Existence of Abelian Extensions) For every open subgroup
This gives most useful and easy to remember method for constructing abelian extensions of K, as we shall see in the next section.
Special Abelian Extensions
9. (Hilbert Class Field) Let K be a number field. Consider the open subgroup
Let H be the subfield of K ab which is fixed under r K (U ) ⊂ Gal(K/K) ab . This is called the Hilbert Class Field of K. It has several properties:
(a) It is the maximal abelian extension of K which is unramified at all finite places and all infinite places split in it. This is true because an extension L/K is unramified at a finite place v if and only if
) acts trivially on L, and an infinite v place splits in L if and only if r Kv (K
This follows from a hard group theory lemma which says that if G is a finite group then the transfer map
ab is trivial, where the transfer map v : G → H is defined in terms of a section t :
To see how this implies the statement, note that we have a diagram
and this is trivial by the group theory lemma.
(d) If K is a quadratic imaginary extension then K(j(E)) is the Hilbert class field of K, where j is the j-function and E is an elliptic curve with complex multiplication by O K .
10. (Ray Class Fields) Let K be a number field and let I be a nonzero ideal of O K . We would like to create more general abelian extensions of K whose ramification is controlled in a very strict manner by the ideal I. In particular we would like an abelian extension H I whose local ramification conductor at a place v is v(I).
Let K I,1 ⊂ K be the set of elements {x/y|x, y ∈ O K , (x) + I = (y) + I = O K , x − y ∈ I}. Also let I I be the group of fractional ideals which are coprime to I, i.e., if v(I) = 0 and J ∈ I I then v(J) = 0. Define Cl I (K) = I I /K I,1 , the ray class group associated to the ideal I. Let
which is an open subgroup of A × K /K × . Set H I the subfield of K ab which is fixed under r K (U (I)). This is the ray class field of conductor I. Like the Hilbert class field, ray class fields have good properties: H n = Q(ζ n ). This can be reinterpreted in a form more susceptible to generalization. The ray class fields of Q are generated by the value of exp(2πiz) at finite order points of R/Z.
(e) If K is a quadratic imaginary number field, the ray class groups will again be generated by a holomorphic function at finite order points on R 2 /Z 2 . This is given by the theory of complex multiplication which shows that the ray class field of conductor I is K(j(E), h(E[I])) where j is the j-function, E is an elliptic curve with complex multiplication by O K , E[I] are the I-torsion points of E and h : E → E/ Aut(E) ∼ = P 1 is called a Weber function defined over the Hilbert class field H of K.
(f) Let K = Q(i) and I = 3O K . We apply 10e to find the ray class field in this case. We take E : y 2 = x 3 + x with rational j-invariant (by 9d). If P = (x, y) is a point of order 3 on E then (see [Sil94] , Example 5.8.1) 3x 4 + 6x 2 − 1 and h(P ) = x 2 . Thus the ray class field of conductor 3O K is K( √ 3).
11. (Ring Class Fields) Let K be a number field. We have seen a generalization of the notion of the Hilbert class field to permit ramification. We would now like an analogue of the Hilbert class field, but for an
be the conductor of the order.
We now restrict to imaginary quadratic fields because in that case O = Z+nO K . Orders are not Dedekind, they do not have unique factorization. However, this is repaired if we restrict to ideals coprime to the order n of O. There exists a bijective correspondence between ideals I of O coprime to n and ideals of O K coprime to n.
Since we need an analogue of the Hilbert class field for O, we need to start with the class group of O.
Recall that I n is the group of fractional ideals of O (or, as we have seen, O K ) which are coprime to n. The class group of O is Cl(O) is the set I n modulo ideals I ∈ I n such that I ∩ O is principal. If I = λO K is principal in O K it does not necessarily mean that I is principal in O. It does if there exists c ∈ Z coprime to n such that λ − c ∈ nO K . Let P Z (n) be the group of such principal ideals of O K . Then Cl(O) = I n /P Z (n).
The existence theorem says that there exists a finite abelian extension K n such that Gal(K n /K) ∼ = Cl(O). This is called the ring class field of the order O.
(a) K 1 = H so ring class fields are generalizations of the Hilbert class field.
To see this note that the quotient Cl(O)/ Cl(O K ) is the same as the quotient of the set of principal ideals of O K and the set of those principal ideals of O K which stay principal in O. But we have seen that if λO K is principal in O K , it stays principal in O if there exists c ∈ Z coprime to n such that λ − c ∈ nO K .
(c) The conductor n ∈ Z generates an ideal (n) ⊂ O K . Then
where H (n) is the ray class field of conductor (n). This follows from 11b and the fact that Gal(H (n) /K) = Cl (n) (O K ) and Gal(K n /K) = Cl(O n ) are both quotients of fractional ideals of O K coprime to n, but in the first case we quotient out only by principal ideals ≡ 1 (mod n), whereas in the second case we quotient out by principal ideals ≡ (Z/nZ) × (mod n).
(d) There is no theory of ray class fields for nonmaximal orders.
(e) If K = Q then 11b shows that the ring class fields are all trivial.
(f) If K is a quadratic imaginary number field then the ring class field of the order O is K(j(O)) where j is the j-function and O ⊂ C is the lattice generated by the order O.
